A new type of Coulomb gas is defined, consisting of arbitrary numbers of point charges of two species executing Brownian motions under the influence of their mutual electrostatic repulsion. Being a generalization of a model of identical particles introduced by Dyson as a dynamical system describing non-equilibrium state of various random matrix ensembles, our system gives an exact mathematical description of the Brownian motion of charges of magnitudes Q 1 and Q 2 , such that βQ 1 Q 2 = 1 on the line or circle, where β is an inverse temperature of the gas.
in addition to the stochastic friction force f i (t)
The whole process is Markovian with
where , denotes ensemble averaging.
The theory of Markovian processes [3] tells us that the probability P (x 1 , . . . , x n , t) to find particles in configuration x i + dx i , i = 1..n evolves according the Fokker-Plank equation
For the process (2), (3), the moments are 
with H + defined as in (19) . H + is a Hamiltonian of an integrable quantum Calogero-Moser system [4] and the Dyson process is therefore exactly solvable. The stationary solution of (5) is related to the ground state of H + by gauge transformation P (x) = exp(−βW/2)ψ(x). It describes equilibrium distribution of the Coulomb gas P 0 (x 1 , ..., x n ) = 1 Z e −βW , Z = P 0 dx 1 ...dx n (6) and provides eigenvalue measures for symmetric, Hermitian and symplectic Gaussian random matrix ensembles when β = 1/2, 1, 2 [5] . For generic β, Eq. (6) is a Gibbs distribution for the Coulomb gas of identical charges at the temperature 1/β on the line and Z is its partition function.
A remarkable fact about the Dyson process (2) is that these non-Hamiltonian equations, rewritten as the second order system through further differentiation and substitution become Newtonian equations involving two-body forces only, and in the limit β = ∞
they turn into a classical version of the Hamiltonian Calogero-Moser system [6] . Moreover, as was recently established in [7] , a similar statement holds for systems of charges of any magnitude, not necessary identical. Namely, let
be the first order equation of motion for N charges of magnitudes Q i , i = 1..N , having the electrostatic energy
Then (7) is a corollary of the second order Hamiltonian equations of motion
involving only two-body interactions. The above statement is a corollary of Theorem 3 of reference [7] . It can be generalized for the quantum case, describing evolution of the Dyson Brownian motion of particles with charges Q i .
In more details, let N particles with charges Q i confined by a harmonic potential, execute the following Brownian motion under the mutual Coulomb repulsion forces
and stochastic forces f i defined as in (3) . According to (3) and (10), the moments now take the values
and the Fokker-Plank equation (4) becomes
Its stationary solution L e −βW = 0 writes in the same manner as in (6) , but with W defined by (8)
This stationary distribution is now a Gibbs measure for a Coulomb gas with energy (8) at the temperature β.
In the thermodynamical limit N → ∞, for the gas consisting k species of particles with charges of magnitudes Q i ∈ {q 1 , ...q k } , Eq.(12) can be replaced by the functional measure
where
, and ρ i (x) is the density of particles of the ith specie. From (13), it follows that the functional measure does not "distinguish" between species: The total equilibrium charge density ρ(x) obeys the Wigner semicircle law ρ(x) = ρ(0) 1 − (x/a) 2 (e.g. see [5] ), and values of equilibrium densities of each specie ρ i (x) are unattainable within the leading term in 1/N expansion (although it is obvious their densities are proportional to ρ(x) ). Therefore, in contrast to the one-component case, calculation beyond the saddle-point asymptotic are needed even to evaluate one-particle thermodynamical quantities. Usually, integrability of underlying quantum problem allows to evaluate exact highest terms in 1/N expansion, as well as values of multi-point correlation functions. This possibility fulfills, for example, in the one-component case due to connections with the theory of integrable Calogero-Moser systems (or classical orthogonal polynomials in special cases of matrix ensembles β = 1/2, 1, 2). In what follows, we present more general, two-component Coulomb gas model, with exactly solvable associated quantum problems.
Gauging out first derivatives in (11),
we transform L into a self-adjoint operator consisting of kinetic and potential terms, with the potential
Clearly, the second term in the r.h.s. of (15) is a sum of two-body potentials. To evaluate the first term, we employ classical equations of motion (9): It follows from the r.h.s. (rightmost equality) of (9) that
and from (8), (14) and the last equation we get
Thus, the Fokker-Plank operator L (11) is reduced to the Schrödinger operator (16) for a system of particles on the line interacting via two-body inverse square potentials. When magnitudes of charges Q i are identical, Eq. (16) becomes the Hamiltonian of the quantum Calogero-Moser system (19).
We do not attempt to analyze properties of generic operator (16), but rather study the case of quantum separation of variables. From now on we consider a Coulomb gas consisting of two species of particles. Without any loss of generality we can (rescaling β and ω) set the magnitude of charge of the first specie to the unity. Then the following choice of Q i
leads to vanishing of the interaction between different species in (16) and we get separation of variables for the Dyson process. Thus, the multi-component Dyson process describing strongly correlated systems of particles interacting via long-range forces, turns out to be separable if (17) holds. In this case, Eq.(16) becomes a sum of two Calogero-Moser Hamiltonians.
It is evident from (8) and (10) that this is not a trivial separation, since (10) cannot be split into independent parts by a change of variables. Such a phenomenon is absent in the classical β → ∞ limit. On the other hand, it is also absent in purely quantum systems and is due to interplay between classical and quantum contributions in the potential (first and second terms in the r.h.s. of (15) respectively) Another separation in (16) is possible for two species of opposite charges
Such a choice of Q i does not describe the Brownian motion, since the stochastic terms f i / √ Q i in (10) become imaginary and parabolic Fokker-Plank equation (11) turns into a hyperbolic one. Nevertheless, it describes equilibrium thermodynamics of the Coulomb plasma consisting of opposite charges. Although, separation (21) is possible for any value of β (i.e. it is in a sense classical), the partition function of such a plasma diverges if β ≥ 1/2 (which corresponds to a phase transition connected with dipole dissociation). Curiously, the grand partition function of lattice versions of such a plasma at special values of β is expressed through soliton solutions of integrable nonlinear partial differential equations [8] .
Mentioning other interesting applications, we note that the separation (21) in combination with (17) can be important in a context of the Huygens principle [9] .
Returning to the dynamical problem (11) we may think that, since (18) holds, its solution is represented by any gauge transformed product of solutions to (19) and (20) respectively. This turns out not to be true. Consider, for instance, the following solutions to (18)
Then from (18)- (20) we obtain
i.e. the Fokker-Plank operator (11) has a normalizable eigenfunction f with a positive eigenvalue 2n(N − n)ωβ. As a consequence such a solution grows exponentially with time.
To avoid such unphysical behavior zero-radius, hard core repulsion must be added to the electrostatic forces in (10). This condition of non-intersecting Brownian motion does not affect the model locally. Instead it adds a zero-radius hard core interactions terms to (18). Such addition is equivalent to the global condition that solutions to (18)-(20) must vanish at x i = x j for any i, j. Clearly, the latter does not hold for (24), because the product ψ + ψ − is not zero when coordinates of particles of different species coincide x i = x j for i = 1..n, j = n + 1..N . On the other hand, the solution to (18)
which is gauge related (14) to the equilibrium distribution (12) satisfies the impenetrability condition, and is the actual ground state of the impenetrable gas. To show the latter and demonstrate techniques used to describe thermodynamics of the two-component Coulomb gas, we conjugate Hamiltonians (19), (20) with eigenstates (22)-(23)
where dilatation operators D ± are defined as follows
and sums in the ranges 1..n and n+1..N are assumed in (26) for operators with subscripts ± respectively. It is easy to see that operators (26) act as lower triangular-diagonal matrices on spaces of polynomials symmetric in x 1 , ...x n and x n+1 , ..., x N respectively: Dilatation operators (27) act diagonally on bases consisting of symmetric homogeneous polynomials, while remaining terms in (26) map symmetric homogeneous polynomials of degree d into symmetric homogeneous polynomials of degree d − 2. Thus, (26) are of the lower triangular form with their eigenvalues
written on the diagonals. In (28), L and M stand for partitions
The orthonormal set of eigenfunctions of (26) is represented by symmetric polynomials P
., x N ) of the highest degrees l = |L| and m = |M | correspondingly. The general wave-function of (18) having the eigenvalue
in the absence of the hard-core repulsion is, therefore, a linear combination over of all possible pairs of polynomials labeled by partitions of the total value d
Since eigenfunctions of impenetrable system must vanish at x i = x j , 0 ≤ i ≤ n, n + 1 ≤ j ≤ N , the lowest possible degree of the polynomial part in the r.h.s. of (29) is d = n(N − n)/2, which is precisely the case of (25). Consequently, the eigenstate (25), corresponding to the equilibrium distribution (12), (17) is indeed the ground state of the impenetrable gas.
Thus, from the above considerations the conclusion can be drawn that problems of describing thermodynamics of (12), (17) and especially finding correlation functions
of the two-component Coulomb gas (12), (17) are essentially reduced to calculations in a finite-dimensional matrix algebra, which allows their exact mathematical description. Finally, we mention some further generalizations of the two-component Dyson process. For instance, imposing periodic boundary conditions we may consider Coulomb gas at the temperature 1/β on the circle, with point charges of magnitudes (17) at φ 1 , .., φ N having the electrostatic energy
Similarly to (18), the underlying mechanical Hamiltonian is a sum of two independent, CalogeroSutherland Hamiltonians.
Another generalization is connected with Calogero-Moser/Sutherland models related to different Coxeter root systems. They are extensions of Dyson's processes appearing in theory mesoscopic systems and particle physics (see e.g. [2] ).
For instance, the quantum problem associated to Brownian motion of the Coulomb gas with the energy W = −2 i<j Q i Q j log |x on the circle, where q is an arbitrary real number and Q i are defined by (17), is described by a sum of two B-type (e.g. see [9] ) Calogero-Moser/Sutherland Hamiltonians.
